Abstract: Metallic nanoshells have proven to be particularly versatile, with applications in biomedical imaging and surface-enhanced Raman spectroscopy. Here, we theoretically demonstrate that hybrid phonon-plasmon modes in semiconductor nanoshells offer similar advantages in the terahertz regime. We show that, depending on tm,n,nhe doping of the semiconductor shells, terahertz light absorption in these nanostructures can be resonantly enhanced due to the strong coupling between interface plasmons and phonons. A threefold to fourfold increase in the absorption peak intensity was achieved at specific values of electron concentration. Doping, as well as adapting the nanoshell radius, allowed for fine-tuning of the absorption peak frequencies.
Introduction
Light manipulation by semiconductor devices in the terahertz (THz) regime remains a challenge, despite its technological importance. In the visible and infrared regimes, surface plasmon polariton optics ("plasmonics") based on nanostructures led to breakthrough applications in biosensing and optoelectronics. Advances in nanotechnology have allowed for the fabrication of various types of nanostructures with novel physical properties, including quasi-one-and quasi-two-dimensional nanostructures [1] [2] [3] [4] [5] [6] , radial superlattices [7] [8] [9] , quantum rings [10] , quantum dots [11, 12] , and nanoshells [13] [14] [15] [16] [17] [18] [19] . Nanostructures are recognized as the promising future basis of nanoelectronics.
Metallic nanoshells have attracted attention due to the tunability of their optical properties [14] [15] [16] [20] [21] [22] [23] [24] [25] . Averitt, R.D. et al. [20] and Oldenburg, S.J. et al. [21] investigated optical properties of nanoshells with a core diameter ranging from 120 to 340 nm and metallic shell thickness from 14 to 48 nm. The resonant maxima of the extinction coefficient in Au/Au 2 S nanoshells were experimentally observed for wavelengths between 600 and 900 nm [20] . Theoretical analysis showed that it was possible to shift the optical resonance to wavelengths up to 10 µm by changing the ratio between core and shell radii [21] .
Prodan, E. and Nordlander, P. [22, 23] developed a quantum-mechanical description of the interaction between light and plasmons in a metallic shell. This description took into account the resonant interaction of light with surface plasmon modes at the two surfaces of the metallic shell. It was shown that the resonant peaks were red-shifted in comparison with the peaks predicted by classical electrodynamics. Prodan, E. et al. [24] studied nanoshells in a dielectric medium and with a dielectric core using time-dependent local density approximation. A comparison of the calculated absorption peak positions with Mie theory [26] confirmed the conclusions of [23] . Investigation of the optical properties of Au nanoshells with Cu 2 O, SiO 2 , or iron oxide core [15] demonstrated that a change in the core dielectric constant significantly affected both plasmon energies and absorption efficiency.
Surface phonon resonance in doped semiconductors was proposed for Raman and infrared spectroscopy, and biomedical and gas-sensing applications [27] [28] [29] [30] . Lee, J.D. [31] investigated the effect of the electron-phonon coupling on the optical properties for three types of nanospheres: (i) a nanosphere made from an intrinsic (undoped) polar semiconductor, (ii) a nanosphere made from a doped polar semiconductor, and (iii) a metallic nanosphere. In all three cases, the confinement introduced a significant correction to the absorption coefficients at relatively small sphere radii R~1.5-5 nm. With increasing radius, the correction decreased, and for radii R > 20 nm it became very small.
In the spherical multilayer structures investigated in [20] [21] [22] [23] [24] 31] , a response to electromagnetic radiation was determined by treating electrons in the metallic shell as an incompressible fluid. A high concentration of electrons led to an enhanced response in the plasmon energy range~1.5-2 eV. There has been recent interest [32] [33] [34] [35] [36] in nanophotonic devices for the THz range from 10 to 100 meV, which is of importance for applications. These frequencies correspond to the dynamics of ions in the crystal lattice. A large ion mass and strong binding to the crystal lattice sites lead to small ionic displacements, low dipole moments, and a weak interaction of lattice vibrations with light. In the present paper, we demonstrate that the interaction of phonons with electromagnetic radiation can be resonantly enhanced in a strongly coupled interface phonon-plasmon system.
We consider two types of spherical polar nanostructures (see Figure 1a) . The first structure has a doped core of InAs, surrounded by an undoped GaAs shell, and placed in hexane (d-InAs/u-GaAs/Hexane). The second structure has an undoped GaAs core surrounded by a doped InAs shell, and is also placed in hexane (u-GaAs/d-InAs/Hexane). Hexane is one of the standard solvents used in the preparation of colloidal quantum dots [37] [38] [39] , which allows for long-distance propagation of terahertz waves. The core radius R 1 = R core = 100 nm coincides with the inner shell radius, and R 2 = R shell = 120 nm is the outer shell radius. The typical intrinsic concentration of charge carriers in InAs is 10 15 cm −3 at room temperature [40] with a corresponding bulk plasmon energy~0.7 meV. The intrinsic charge carrier concentration in GaAs is negligibly small (10 6 cm −3 ). In both cases, the plasmon energy is much smaller than the interface phonon energies (25 to 30 meV), and, therefore, the phonon and plasmon systems are decoupled. From now on, we use the following terminology: "undoped" denotes a medium without the phonon-plasmon interaction and N e < 10 15 cm −3 , while "doped" refers to a medium with the phonon-plasmon interaction and N e > 10 17 cm −3 . The material parameters of InAs, GaAs, and hexane are taken from [41] [42] [43] . The electron doping of the semiconductor core or shell affects the vibrational spectrum of the nanostructure and enhances the response of the system to electromagnetic radiation. The nanostructures analyzed here are particularly interesting because of their potential application in photovoltaics, midinfrared and infrared photodetectors, and in optoelectronic devices [44] [45] [46] [47] . 
Phonons and Plasmons in Nanoshells
In order to describe the interface and surface phonons, and their coupling to the surface plasmons, the problem of finding the electrostatic potential in a planar multilayer structure needs to be addressed. This potential has been derived for an arbitrary number of layers in [48] (see also [49, 50] ). The method of [48] was later used to determine the electrostatic potential in multilayered spherical systems [51] . The phonon frequencies were obtained from the secular equation for the dynamical matrix [48, 51] .
There exist four types of phonon modes in spherical nanoshells: "sphere-like", "shell-like", "bulk-like", and "interface" modes. The electrostatic potentials of sphere-like, shell-like, and bulk- The absorption spectrum of nanostructures with an undoped InAs shell shows three peaks (see Figure 3a) , whose positions correspond to three interface phonon energies in the u-GaAs/uInAs/Hexane nanoshell. Also, for this nanostructure, resonant amplification of the absorption took place for electron concentrations corresponding to enhanced interface phonon-plasmon interaction (shown in Figure 1 (c) by pink-shaded areas). The first resonance near Ne = 10 18 cm −3 (see Figure 3b) is characterized by an increase of the intensity of the absorption peak near 33 meV with a factor of ~8. This increase resulted from the interaction of interface phonons with interface plasmons in the upper plasmon branch. As before, we find that an increase of the electron concentration from Ne = 10 18 cm −3 to Ne = 3 × 10 18 cm −3 led to a weakening of the absorption. The spectral weight became approximately the same as that for Ne = 0 (see Figure 3c ). In the electron concentration range from Ne = 5 × 10 18 to 15 × 10 18 cm −3 , there was a second resonant amplification of the absorption, now associated with the hybridization of the interface phonons with the plasmons from the lower interface plasmon branch. In this case, the nanostructure efficiently absorbed light in a broad electron concentration range from 
There exist four types of phonon modes in spherical nanoshells: "sphere-like", "shell-like", "bulk-like", and "interface" modes. The electrostatic potentials of sphere-like, shell-like, and bulk-like polar modes are confined to the core, shell, and outer regions, respectively, and do not penetrate the neighboring media. Due to their localization at interfaces, only the interface phonons strongly interact with the interface plasmons. The boundary conditions for the electrostatic potential of the polarization field follow from the continuity of the normal components of the electric displacement at the uncharged interfaces between the core and the shell, and between the shell and the outer region. The resulting boundary conditions,
determine the frequencies and the amplitudes of the interface phonons (cf. [51] ). In Equation (1), R k is the radius of kth spherical layer (k = 1,2) and
is the amplitude of the polarization-induced electrostatic potential expanded in spherical harmonics with angular momentum quantum numbers l,m and frequency ω. In the remainder of this paper, the last two quantum numbers and the frequency are omitted. The coefficients b 11 , b 12 , b 21 , and b 22 in Equation (1) are
with the dielectric functions
), if the ith medium is undoped
and
Equations (1) and (2) for the core/shell/outer medium nanostructures are a particular case of Equations (6) and (7) of [51] , corresponding to the number of spherical layers K = 3 and the surface charge density σ = 0. The efficient control over the yield and lifetime of a charge-separated state, by optimizing the shell thickness, allows for engineering core/shell nanostructures suitable for charge-transfer applications [52] . The appearance of interface charges, for instance, due to interactions with a biomolecule, leads to a detectable shift of the surface plasmon resonance frequency of the nanoshell [53] . In Equations (3) and (4), ε ∞,i (i = 1, 2, 3) is the optical dielectric constant of the i th medium, and ω LO,i and ω TO,i (i = 1, 2) are the frequencies of the LO and TO phonons in the ith medium, respectively. The bulk plasmon frequency in the ith medium is ω Pl,i = e N e /(m e,i ε ∞,i ε 0 ), where e is the absolute value of the electron charge, ε 0 is the vacuum dielectric permittivity, N e is the electron concentration, and m e,i is the electron band mass in the ith medium. We use, here, the Drude model of plasmons for InAs and GaAs, aiming at a general understanding of phonon-plasmon absorption spectra in semiconductor nanoshells. The multiband k × p method would be appropriate to obtain more precise predictions [54] . The dispersion equation for the hybrid interface phonon-plasmon eigenfrequencies is obtained from the secular equation for the set of algebraic equations (1):
The phonon-plasmon energies with quantum number l = 1 as a function of the electron concentration in the doped InAs are shown in Figure 1b ,c for the d-InAs/u-GaAs/Hexane and the u-GaAs/d-InAs/Hexane nanoshells, respectively. Solid lines show the energies of the hybrid phonon-plasmon modes, calculated using Equation (5). Dashed and dash-dotted lines represent the energies of the non-interacting interface phonon and interface plasmon modes. These energies are obtained from Equation (5) by substituting ω Pl,i = 0 into Equation (3) for the interface phonons and using ε InAs (ω) = ε ∞,InAs (1 − ω 2 Pl,InAs /ω 2 ) and ε GaAs (ω) = ε ∞,GaAs for the interface plasmons. Here, 
Results and Discussion
In the d-InAs/u-GaAs/Hexane nanostructure, there were four coupled phonon-plasmon branches (see Figure 1b) due to the hybridization of one interface plasmon branch (at the GaAs/InAs interface) and three interface phonon branches (InAs-like and GaAs-like at the InAs/GaAs interface and GaAs-like at the GaAs/Hexane interface). At around N e~3 × 10 18 cm −3 , the interface phonon-plasmon coupling was enhanced through the interaction with the single interface plasmon branch. In this nanostructure, it was the core that carried the doping, and only one interface between the core and the shell carried interface plasmons.
In the u-GaAs/d-InAs/Hexane nanostructure, three interface phonon branches (InAs-like and GaAs-like at the InAs/GaAs interface and InAs-like at the InAs/Hexane interface) hybridized with two interface plasmon branches at the GaAs/InAs and InAs/Hexane interfaces. This led to five coupled phonon-plasmon branches. As seen from Figure 1c , the interface phonon-plasmon hybridization in the u-GaAs/d-InAs/Hexane nanostructure was enhanced around N e~2 × 10 18 cm −3 (due to the higher plasmon branch) and around N e~7 × 10 18 cm −3 (due to the lower plasmon branch). Two interface plasmon branches were present because interface plasmons were excited at both interfaces (inner and outer) of the doped shell. Similar results have been obtained for quantum numbers l > 1.
The hybridized modes determined the absorption spectra of semiconductor nanoshells in the THz regime. Therefore, peaks in the absorption spectra can be used to identify hybrid phonon-plasmon modes. The peaks in the absorption spectrum can be identified with phonon-plasmon frequencies on the basis of Mie theory [26] , extended to the case of concentric shells [55, 56] . To apply this theory to the present case of semiconductor nanoshells, we used the following relative dielectric permittivities:
where ε
InAs(GaAs) undoped
(ω) is the relative dielectric function in undoped InAs (GaAs) tabulated from experiments [43] . For the calculation of the absorption spectrum, we used a complex dielectric function ε InAs(GaAs) undoped (ω), rather than the real function ε InAs(GaAs) (ω) given by Equation (3). Figures 2 and 3 show the resulting absorption cross section as a function of the energy of the light impinging on the d-InAs/u-GaAs/Hexane and u-InAs/d-GaAs/Hexane core/shell nanostructures, respectively, for different doping levels of InAs. These nanostructures absorbed light in the energy range from 20 to 40 meV. The finite width of the absorption lines is due to the imaginary part of ε InAs(GaAs) undoped (ω). In the present paper, we focus on the light absorption by the core/shell nanostructures, and do not show the scattering cross section. In nanostructures with an undoped InAs core, the positions of the absorption peaks (indicated in Figure 2a as 1 and 2 ) correspond exactly to the energies of the nanoshell interface phonons at ω s,1 = 28.5 meV, ω s,2 = 33.8 meV, and ω s,3 = 35.4 meV. The width of peak 2 is slightly larger than the difference between energies of the two highest interface phonons ω s,3 − ω s,2 . Therefore, peak 2 was interpreted as the result of overlapping absorption peaks of the two highest interface phonon branches. An increase of the electron concentration to N e = 10 18 cm -3 (see Figure 2b ) raised the spectral weight of the peaks by a factor of~1.5 and weakly blue-shifts them (by approximately 1 meV). The peaks, indicated by filled circles with labels 3 and 4 in Figure 1b , correspond to light absorption by the three upper interface phonon-plasmon modes.
5 × 10 18 to 15 × 10 18 cm −3 (see Figure 3d ,e). At higher electron concentrations, light absorption in the nanostructure was significantly reduced. A strong phonon-plasmon coupling and a resonant amplification of the absorption can also be realized in doped semiconductor quantum dots of different materials and shapes, including InAs/GaAs core/shell quantum dots grown on Si substrate [57] , colloidal CdSe/CdS and CdSe/ZnS quantum dots [58] , or semiconductor quantum dots without a shell [31, 59, 60] . However, core/shell nanocrystals allow for better control over the absorption spectrum through the selection of the core/shell thickness ratio and the material of the shell. 
Conclusions
We have theoretically investigated hybrid interface phonon-plasmon modes and the resulting light absorption in d-InAs/u-GaAs/Hexane and u-GaAs/d-InAs/Hexane nanoshells. By varying the electron concentration in InAs, the strength of the interface phonon-plasmon interaction can be adjusted, leading to a resonant increase of the light absorption by a factor of 3 to 4. The u-GaAs/d- An additional increase of the electron concentration to N e = 2 × 10 18 and to 3 × 10 18 cm −3 brought the system into the regime of enhanced phonon-plasmon interaction (marked in Figure 1b by a pink-shaded area). The resonant amplification of the absorption observed in this range of electron concentrations was due to the enhanced hybridization of interface phonon-plasmon modes. This led to an increase by a factor of~3 of the low-energy absorption peak intensity for N e = 2 × 10 18 cm −3 (indicated with label 5 in Figure 2c ) and by a factor of~2 for N e = 3 × 10 18 cm −3 (indicated with label 8 in Figure 2d ) as compared to the intensity of the peak labeled with 1 at N e = 0 (see Figure 2a) . The intensity of the absorption peaks labeled 6 and 9 remained nearly constant within the analyzed electron concentration range. A further increase of the electron concentration led to an attenuation of the interface phonon-plasmon interaction. The spectral weight of the absorption peaks decreased, and the peak positions shifted to the energies of the interface phonons (see Figure 2e) .
The absorption spectrum of nanostructures with an undoped InAs shell shows three peaks (see Figure 3a) , whose positions correspond to three interface phonon energies in the u-GaAs/u-InAs/Hexane nanoshell. Also, for this nanostructure, resonant amplification of the absorption took place for electron concentrations corresponding to enhanced interface phonon-plasmon interaction (shown in Figure 1c by pink-shaded areas) . The first resonance near N e = 10 18 cm −3 (see Figure 3b) is characterized by an increase of the intensity of the absorption peak near 33 meV with a factor of~8. This increase resulted from the interaction of interface phonons with interface plasmons in the upper plasmon branch. As before, we find that an increase of the electron concentration from N e = 10 18 cm −3 to N e = 3 × 10 18 cm −3 led to a weakening of the absorption. The spectral weight became approximately the same as that for N e = 0 (see Figure 3c ). In the electron concentration range from N e = 5 × 10 18 to 15 × 10 18 cm −3 , there was a second resonant amplification of the absorption, now associated with the hybridization of the interface phonons with the plasmons from the lower interface plasmon branch. In this case, the nanostructure efficiently absorbed light in a broad electron concentration range from 5 × 10 18 to 15 × 10 18 cm −3 (see Figure 3d ,e). At higher electron concentrations, light absorption in the nanostructure was significantly reduced. A strong phonon-plasmon coupling and a resonant amplification of the absorption can also be realized in doped semiconductor quantum dots of different materials and shapes, including InAs/GaAs core/shell quantum dots grown on Si substrate [57] , colloidal CdSe/CdS and CdSe/ZnS quantum dots [58] , or semiconductor quantum dots without a shell [31, 59, 60] . However, core/shell nanocrystals allow for better control over the absorption spectrum through the selection of the core/shell thickness ratio and the material of the shell.
We have theoretically investigated hybrid interface phonon-plasmon modes and the resulting light absorption in d-InAs/u-GaAs/Hexane and u-GaAs/d-InAs/Hexane nanoshells. By varying the electron concentration in InAs, the strength of the interface phonon-plasmon interaction can be adjusted, leading to a resonant increase of the light absorption by a factor of 3 to 4. The u-GaAs/d-InAs/Hexane nanoshell resonantly absorbs light in a broader range of electron concentrations than the d-InAs/u-GaAs/Hexane nanoshell. The difference between the light absorption spectra for these structures is explained by the presence of two interface plasmon branches in the u-GaAs/d-InAs/Hexane nanoshell, whereas the other structure had only one branch. This offers interesting perspectives for realizing doping-dependent resonances in the THz response of semiconductor nanoshells.
